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Abstract
As a consequence of the quantization of its vorticity, superfluid systems may present the
simplest form of turbulence and the exploration of turbulence in Bose condensed gases may
create a gateway to better understand various turbulent phenomena. In this work, a
magnetically trapped atomic condensate of 87Rb atoms is used to investigate the emergence of
quantum turbulence. Vortices and anti-vortices are generated by applying an off axis,
sinusoidal, magnetic field gradient and agitating the condensate to inject kinetic energy.
Vortices are created on the periphery and propagate through the cloud, setting up experimental
conditions favorable for turbulence. Once a turbulent regime has been produced, the
condensate is released from its trapping potential and allowed to freely expand. Measurements
of the atomic density profile after a time of flight are used to gain insight into the in situ
momentum distribution of the system. These images show clear deviations between the
non-turbulent and turbulent density profiles, in both the distribution of momentum and its
average magnitude.
(Some figures may appear in colour only in the online journal)
Quantized vorticity is one of the most remarkable phe-
nomena in physics, as it allows for a direct observation
of quantum mechanics on a mesoscopic scale. It has
been shown to be manifest in many systems, such as
superconductors [1], 4He [2], 3He [3], neutron stars [4],
Bose–Einstein condensates (BECs) [5], and condensed Fermi
gases [6]. A quantum vortex is defined by the restriction
of the circulation integral,
∮ Ev · d E` = nh, which results
from the continuity of the superfluid wavefunction phase
along a closed loop [2]. Since the initial theoretical
prediction [7, 8] and experimental observation [9, 10],
quantum vortex lines have been central to many physical
disciplines, such as quantum turbulence, Kosterlitz–Thouless
transition, and superconducting vortex states.
Quantum turbulence describes the dynamics of chaoti-
cally interacting quantized vortex lines in a fluid. Since the
initial measurements of the attenuation of second sound in
the presence of a vortex tangle [9], QT has been an active
and productive physical discipline. It has been experimentally
produced by a variety of mechanisms: counterflow [11],
global rotation [12], flow past objects [13], and in several
working fluids, such as 4He, 3He [3], and BECs [14, 15].
In addition to experimentation, QT has been the subject of
significant theoretical and numerical effort [15–19].
Turbulence in BECs is of particular interest, as BECs
have unparalleled control over experimental parameters, such
as dimensionality, density, trapping potential, and atomic
interaction strength (via Feshbach resonance), which enable
careful study of many previously unaccessible turbulent
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regimes. Additionally, Bose condensed gases can be measured
by several in situ techniques allowing for real time
investigation of their dynamics [20, 21].
In this work, a BEC containing ∼2 × 105 87Rb atoms is
produced in a cigar-shaped quadrupole and Ioffe configuration
(QUIC) magnetic trap with trapping frequencies of ωr = 2pi×
207 Hz and ωz = 2pi×23 Hz, creating a frequency aspect ratio
of about 9:1. While confined in the trap, an additional weak
sinusoidal time-varying magnetic field is applied to perturb
the condensate. This field is generated by a Helmholtz-like
coil pair assembled with a symmetry axis askew to the Ioffe
coil axis by a small angle. The combined magnetic field is
used to both levitate the atoms and inject kinetic energy. When
the field parameters are properly chosen, an excited BEC
containing vortices and turbulence is produced. The driving
field for the condensate is understood as a combination of
the trap minimum sloshing back and forth, together with an
axial twisting that couples to the atoms. This trap motion is
predicted to produce counterflow and turbulence, similar to
that created in 4He [22].
The perturbation field is left on for varying times,
typically ranging from 20 to 100 ms, and frequencies
ranging between 150 and 210 Hz to produce different excited
states [23, 24]. The Helmholtz field bias is offset to insure
that, during the oscillation period of the drive coil, the
field strength is always positive and never crosses zero. The
maximum amplitude of the field gradient ranges from zero to
190 mG cm−1 along the vertical axis during one cycle and its
amplitude characterizes the magnitude of the perturbations.
With the perturbation field engaged and prior to the
observation of vorticity, dipolar, quadrupolar, and scissors
modes are observed [25]. By increasing the drive amplitude
and the number of cycles, vortices begin to appear. Their
number increases until they are not discernible and the cloud
turns turbulent. To investigate the turbulence, the atoms are
held in the trap after the drive has been terminated for 20 ms
before they are released for imaging. The atoms are measured
by a time of flight (TOF) absorption technique. For further
details on the apparatus, see [22, 26].
The momentum distribution for a non-interacting BEC
can be determined by examining the density distribu-
tion of the atoms after a finite TOF. This technique
has been used to demonstrate many important physical
characteristics of BEC, such as vortex lattices, collective
modes, and momentum acquired from light scattering
[27, 28]. In this work, TOF is used as a probe of the
in situ momentum distribution of a turbulent condensate.
It is well established that after a short time interval
atoms expand ballistically for untrapped clouds [29–31].
Therefore, if the interaction is assumed to be negligible,
the ballistically expanding atoms allow for an experimental
Fourier conversion of the real space density distribution after
a TOF to an in situ momentum distribution. Specifically,
each atom imaged after time τ has a position dictated by the
relation r(τ ) = h¯τk/m, where h¯ is Planck’s constant, m is the
atomic mass, and k is the scalar wavenumber. This implies that
the expanded atomic density can be rewritten as a momentum
Figure 1. Magnitude of energy components during free expansion.
distribution,
n(r(τ )) = n
(
h¯τk
m
)
. (1)
It is recognized that the initial interaction energy of a
Bose condensed system alters the momentum distribution.
During the early stages of the condensate expansion, the
interaction energy is converted into kinetic energy prior to
the ballistic regime, and then, it can distort the conversion
described in equation (1). Here it is argued that the interaction
is small relative to the turbulent kinetics and does not
qualitatively change the momentum distribution measured
with this technique.
In previous work [32], it was computationally shown
that the shape of a turbulent cloud, after a free expansion,
is predominantly determined from the polarization of the
in situ vortex tangle, and not the internal energy. Therefore,
for measurements of a turbulent cloud the initial interaction
is not a dominant effect. For the system studied here,
the magnitudes of the energy components are plotted as
a function of expansion time, figure 1. This calculation
shows the conversion of interaction and rotational energy into
kinetic, and demonstrates that, at all times, the rotational
energy is dominant. An experimentally observed effect of
the dominance of rotational energy is the disappearance of
the aspect ratio inversion for an expanding turbulent cloud.
Additionally, we can compare the relative size of an expanded
turbulent cloud to a TF cloud in momentum space and
determine that the average momentum of an atom from a TF
cloud is h¯×2.8×106 m−1 compared to h¯×1.5×107 m−1 for a
turbulent cloud. Therefore, the interaction typically accounts
for 18% of the final momentum for an average atom within
the turbulent cloud. As a result, the interaction energy cannot
be responsible for the majority of the qualitative effects of
the turbulent momentum distribution, as is the case for a
non-turbulent condensate.
The expanded density distribution is analyzed by
preforming a polar integration of concentric rings around the
center of mass of the cloud. Each ring produces an integrated
density with a width of δr, at a radial distance of r away from
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Figure 2. Schematic representation of the measuring process.
the center of mass. The integral is normalized by the path
length of a single loop and shows the scalar dependence of
the density as a function of radius. Therefore, after a TOF, it
is known what percentage of atoms travel different distances
from their in situ location.
The projected image is a distorted two-dimensional
shadow of the real atomic distribution (figure 2). As a result,
the spatial density has contributions from many wavenumbers
along the path of the imaging light. Hence, to determine the
density profile, n(k), the image must be deconvoluted. The
relation between the projected momentum distribution n′(k′)
and the 3D momentum distribution is given by
n′(k′) = 2
∫ ∞
k
n(k)√
1− (k′/k)2 dk, (2)
which corresponds to the Abel transform between n(k) and
n′(k′) [33]. In equation (2), n′(k′) is the projected momentum
distribution and n(k) is the real three-dimensional distribution
with k and k′ respectively corresponding to the real and
projected densities. In figure 3, the two-dimensional projected
momentum density, n′(k′), is presented. These data represent
measurements from several different initial conditions. For
the TF cloud, the smooth variation of n′(k′) shows the
expected momentum distribution [34], which consists of a
nearly constant distribution for small k′ values, followed by a
smooth and steep drop-off at larger momenta. In addition, it is
observed that samples containing one to a few vortices present
momentum distributions very similar to those of the TF cloud.
This strongly implies that, prior to the onset of turbulence, the
majority of the energy is not contained in the kinetics and the
free expansion is effected by the internal atomic energy.
The two-dimensional projection of a turbulent cloud is
also shown in figure 3 and has a very different behavior.
The expanded turbulent cloud is both bigger and has a
Figure 3. This figure shows the two-dimensional projected
momentum density, n′(k′), on a log–log plot. The Thomas–Fermi
condensates and condensates with a low number of vortices are
shown in closed symbols. The , •, N, H, , and ? symbols
represent condensates with 0, 1, 2, 3, 4, and 5 vortices respectively
and the open symbol is the averaged data from all the different
realizations of a turbulence. The inset is a zoom of the linear regime
seen in the turbulent data shown with a line of a slope of −2 to
guide the eye.
drastically different appearance to that of a TF condensate.
The size of the turbulent cloud is attributed to additional
kinetic energy contained in the motion of the trapped atoms
in the excited condensate. This is observed as an extension of
n′(k′) to larger wavenumbers by nearly an order of magnitude
and a corresponding reduction in the condensate density
at low momentum numbers. In addition to the spread of
the distribution, the shape of n′(k′) is also different. The
difference in behavior of the turbulent and non-turbulent
expansions suggests that a different mechanism is responsible
for the TOF distribution of the atomic density.
For the TF cloud, the density monotonically decreases
as a smooth function of wavenumber, while the turbulent
condensate appears to have several different regimes. The
first region, from k′ = 2 × 105 to 1 × 107 m−1, contains
the entire range of the TF spectrum. The turbulent data show
a constant or slightly increasing density as a function of k′
until a critical k′ = 1 × 107 m−1. At this point there is
an abrupt change in behavior, from the constant density to
one that linearly decreases. In the linear region, the density
sharply decreases with a slope of −2 ± 0.3 as shown in the
inset. The reported error comes from the variation of different
experimental realizations; no effort has been made to adjust
the data for controllable parameters such as atom number,
oscillation time, or oscillation amplitude. In future work, these
parameters will be explored.
The drop in density beyond k′ = 1.5×107 m−1 is thought
to be due to the asymmetry of a turbulent cloud, resulting from
its self similar expansion [32]. The data were examined along
both the major and minor axes of the image, and apart from
simple scaling, it shows very little qualitative difference below
wavenumbers on the order of 1.5× 107 m−1. The isotropy of
the turbulence was not examined in this work, but will be a
focus of future investigations.
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Figure 4. The deconvoluted, three-dimensional, momentum
distribution is plotted for a turbulent cloud. In addition to the data a
line with a slope of −2.9 is inserted to guide the eye. Two distinct
regions in these data are observed separated by a wavenumber of
1× 107 m−1. The large hump at k = 1.7× 107 m−1 is thought to be
a result of the asymmetry of the condensate and not a property of
the system dynamics.
For a given range, k′ ∈ (a, b) the inversion of the integral
in equation (2) leads to a corresponding value for n(k),
provided n′(k′) decays faster than 1/k for k → ∞. This
inversion is computationally determined by a Mathematica
routine. In the deconvoluted, three-dimensional data, it is
observed that the linear regimes in the projected data are
maintained, albeit with different slopes, figure 4. Fitting these
data to a line reveals a slope of −2.9 ± 0.3 for the region
between k = 9.35× 106 and 1.5× 107 m−1.
Critical to any investigation of turbulence is determining
the length scales which may be relevant to the system
dynamics. For a cigar shaped trapped turbulent BEC, many
length scales may be important. For the trap, the major
and minor trapping diameters are 26.9 µm and 11.2 µm
respectively for the TF cloud. For a turbulent cloud, the
spatial extent is larger, but it is unknown by how much,
so the TF scales are used. For QT, the important length
scales are typically taken to be the interline vortex spacing,
`, and vortex core diameter, ξ . These numbers are difficult
to produce theoretically, due to the uncertainty of the trapped
cloud size, so the in situ size is not experimentally determined.
Similar to the cloud size, it is expected that, as more kinetic
energy is pumped into the system, the cloud will expand,
decreasing its density and increasing the core diameter. For an
estimate of the core diameter, the TF density is naively used,
resulting in ξ = 0.16 µm, and the vortex spacing is estimated
from experimental images to give ` = 2.1 × 10−6 m. These
length scales correspond to wavenumbers of kmajor = 2.3 ×
105 m−1, kminor = 5.6 × 105 m−1, for the major and minor
cloud axes and k` = 3 × 106 m−1 and kξ = 3.9 × 107 m−1
for the momentum corresponding to the vortex interspace and
core size.
The range of length scales available experimentally is
much smaller than those of other classical or quantum
fluids. As a result, the momentum range available for
dynamics is limited to a little more than one order of
magnitude. This lack of scale makes the extraction of scaling
laws or power spectrum dubious. In the future work with
new detection techniques, it will be possible to explore
the higher momentum regions, including those associated
with wave turbulence. With the current apparatus, however,
this is not possible. Additional peculiarities of the system
are the finite size of the condensate, anisotropic trapping
potential, an uncontrolled turbulent injection mechanism,
finite temperature effects, and a relatively small number of
vortex lines. Each of these experimental situations can have
an effect on the measured anomalous momentum distribution
and should be controlled for and examined in the future.
Finally, we should point out that the results presented here
are specific to the experimental conditions and cannot be taken
as universal for trapped superfluids.
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